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The framework: b æ s¸¸ effective Hamiltonian, Wilson Coefficients
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b æ s“(ú) : HSM
—F =1

Ã
ÿ

V ú
tsVtbCiOi + . . .

separate short and long distances (µb = mb)

O
7

= e
16fi2 mb (̄s‡µ‹PRb) Fµ‹ [real or soft photon]

O
9

= e2

16fi2 (̄s“µPLb) (¯̧“µ¸)
O

10

= e2

16fi2 (̄s“µPLb) (¯̧“µ“5¸)

At the µb = 4.8 GeV scale:

CSM

7

= ≠0.29, CSM

9

= 4.1, CSM

10

= ≠4.3

NP changes short-distance Ci = CSM

i + CNP

i for SM or involve additional operators Oi

Chirally flipped (W æ WR) O7Õ Ã (s̄‡µ‹PL b)Fµ‹ , O9Õ Ã (s̄“µPR b)(¯̧“µ¸) ....

(Pseudo)scalar (W æ H+) OS Ã (s̄PRb)(¯̧̧ ), OP Ã (s̄PRb)(¯̧“5¸)
Tensor operators (“ æ T ) OT Ã s̄‡µ‹(1 ≠ “

5

)b ¯̧‡µ‹¸
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O7 =
e

16⇡2
mbs̄L�µ⌫F

µ⌫bR,

O9 =
e2

16⇡2
(s̄L�µbL)(¯̀�

µ`),

O10 =
e2

16⇡2
(s̄L�µbL)(¯̀�

µ�5`)
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FCNC	process,	penguin	induced:	

Lepton	Flavor	Violation?	
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FIG. 6. Standard-Model di↵erential branching fraction (gray band) for B ! Kµ+µ� decay (left)
and B ! K⌧+⌧� (right), where B denotes the isospin average, using the Fermilab/MILC form
factors [62]. Experimental results for B ! Kµ+µ� are from Refs. [45, 146–148]. The BaBar, Belle,
and CDF experiments report isospin-averaged measurements.

logarithmically enhanced QED corrections.
Figure 6 plots the isospin-averaged Standard-Model di↵erential branching fractions for

B ! Kµ+µ� and B ! K⌧+⌧�. For B ! Kµ+µ� decay, we compare our results with
the latest measurements by BaBar [148], Belle [146], CDF [147], and LHCb [45]. Tables V
and VI give the partially integrated branching fractions for the charged (B+) and neutral
(B0) meson decays, respectively, for the same q2 bins used by LHCb in Ref. [45]. In the
regions q2 . 1 GeV2 and 6 GeV2 . q2 . 14 GeV2, uū and cc̄ resonances dominate the
rate. To estimate the total branching ratio, we simply disregard them and interpolate
linearly in q2 between the QCD-factorization result at q2 ⇡ 8.5 GeV2 and the OPE result at
q2 ⇡ 13 GeV2. Although this treatment does not yield the full branching ratio, it enables a
comparison with the quoted experimental totals, which are obtained from a similar treatment
of these regions. Away from the charmonium resonances, the Standard-Model calculation
is under good theoretical control, and the partially integrated branching ratios in the wide
high-q2 and low-q2 bins are our main results:

�B(B+ ! K+µ+µ�)SM ⇥ 109 =

⇢
174.7(9.5)(29.1)(3.2)(2.2), 1.1 GeV2  q2  6 GeV2,
106.8(5.8)(5.2)(1.7)(3.1), 15 GeV2  q2  22 GeV2,

(4.3)

�B(B0 ! K0µ+µ�)SM ⇥ 109 =

⇢
160.8(8.8)(26.6)(3.0)(1.9), 1.1 GeV2  q2  6 GeV2,
98.5(5.4)(4.8)(1.6)(2.8), 15 GeV2  q2  22 GeV2,

(4.4)

where the errors are from the CKM elements, form factors, variations of the high and low
matching scales, and the quadrature sum of all other contributions, respectively. LHCb’s
measurements for the same wide bins are [45]

�B(B+ ! K+µ+µ�)exp ⇥ 109 GeV2 =

⇢
118.6(3.4)(5.9) 1.1 GeV2  q2  6 GeV2,
84.7(2.8)(4.2) 15 GeV2  q2  22 GeV2,

(4.5)

21

Fermilab-MILC (Du et al.), PRD93, 034005 (2016). 
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Already,	at	the	level	of	BR…	
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Long-distance	effect?	
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70 T. Blake et al. / Progress in Particle and Nuclear Physics 92 (2017) 50–91
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Fig. 7. Cartoon illustrating the dimuon mass squared, q2, dependence of the differential decay rate of B ! K ⇤`+`� decays. The different contributions to
the decay rate are also illustrated. For B ! K`+`� decays there is no photon pole enhancement due to angular momentum conservation.

by soft gluon corrections to the charm loop shown in diagram (e). These have been estimated in LCSR [138,201] but remain
a significant source of uncertainty.

At very low q2 . 1GeV2, narrow resonances due to the light unflavoured mesons ⇢, !, � etc. appear in the spectrum.
While these resonances are not described locally by the QCDF calculation, their effect in binned observables (where the bin
size is large compared to the width of the states) is negligible for exclusive decays based on the b ! s`+`� transition like
B ! K (⇤)`+`� [138,202].

At high q2, above the open charm threshold q2oc ⇡ 15GeV2 broad cc̄ resonances appear in the differential decay
distribution and local quark–hadron duality should not be expected to hold. A local operator expansion in powers of E/

p
q2

has been used however to argue that for the rate integrated in the entire high q2 region q2 > 15GeV2, it is well approximated
by the perturbative calculation consisting of the naively factorising part and thematrix elements of the four-quark operators
including perturbative corrections to the matrix elements [203,204].

In the exclusive decays based on the b ! d`+`� transition, an additional complication is given by the fact, discussed in
Section 2, that the CKM combination �

(d)
u is not Cabibbo-suppressed with respect to �

(d)
t . As a consequence, several effects

that are small in exclusive b ! s`+`� transitions become important, including weak annihilation and narrow light meson
resonances. A discussion of these effects for the case of B ! ⇡`+`�, using QCD factorisation, LCSR, and the hadronic
dispersion relation, has recently been presented in [205].

Apart from Bmeson decays, the b ! q`+`� transition is also probed by baryonic decays such as⇤b ! ⇤`+`�. Progress
towards robust SM predictions in this mode has beenmade recently by deriving the full angular distribution and estimating
hadronic effects [206] as well as by computing the relevant form factors in LQCD [207].

5.2.2. Branching fraction measurements
A summary of experimental measurements of the differential branching fraction for the b ! s`+`� processes B !

K`+`�, B ! K ⇤`+`�, Bs ! �`+`� and ⇤b ! ⇤`+`�, as a function of q2, is provided in Fig. 8. The measurements from
BaBar [208] and Belle [209] combine final-states with dielectron and dimuon pairs and combine final-states that are related
by isospin, i.e. they combine B0 ! K ⇤0`+`� and B+ ! K ⇤+`+`� decays which differ only by the flavour of the spectator
quark in the decay. The CDF [210], CMS [211] and LHCb [212–215] measurements represented in the figure only concern
dimuon final-states and do not include decays to final-states with neutral K 0 mesons or ⇡0. The dimuon pair provides a
clean experimental signature that can be used to select the decays in the experiments triggers. The LHCb experiment can
also select events with electron or fully hadronic final-states but, even in LHCb, the trigger threshold for these final-states
is much higher. For example, in Run1 the LHCb trigger required a single electron with ET > 3.6 GeV as opposed to a single
muonwith pT > 1.76 GeV. It is also difficult for the LHC experiments to reconstruct decays involving long-lived particles (KS
or⇤) or final-states with⇡0. The KS and⇤ typically have lifetimes of tens of centimetres in the LHC detectors and the longer
lived KL have a lifetime of hundreds of metres and decay outside the detectors acceptance. At the B-factory experiments, the
KL can be detected in the experiments calorimeter.

With the large datasets available at the LHC, the experimental uncertainty on the branching fraction of many exclusive
b ! s`+`� decays is now much more precise than the corresponding SM predictions. The theoretical prediction in Fig. 8
mostly use LCSR predictions for the form-factors at large recoil (low q2) and predictions from Lattice QCD at low recoil (large
q2). For ⇤b ! ⇤µ+µ�, predictions from Lattice QCD are used across the full q2 range. No predictions are provided close
to the narrow cc̄ resonances. In this region the assumptions used to compute the SM predictions break down. At low recoil
(large q2) predictions are only given averaged from 15 GeV2 to the kinematic limit over which the contribution from the
broad charmonium resonances is thought to be well described by a local OPE. For Bs ! �µ+µ�, the theory prediction takes

Insensitive	to	the	resonance	effects?		Probably,	but	how	much?	

Lyon, Zwicky, arXiv:1406.0566	
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FIG. 2: Numerically leading contributions to the decay rate of B ! K`` in the high q2-region. (a) and (b) O
7

and O
9,10 short distance

contributions. These contributions are proportional to the local (short distance) form factors. (c) long distance charm-loop contribution which
in (naive) factorisation is proportional to the same form factor times the charm vacuum polarisation hc(q

2

). The charm bubble itself is the full
non-perturbative vacuum polarisation since it is extracted directly from the data.

Oc
1,2 which have sizeable Wilson coefficients.) In this section we employ the (naive)6 factorisation approximation (FA) for

which,

hK|C
1

Oc
1

+ C
2

Oc
2

|Bi|
FA

/ (C
1

+ C
2

/3)fB!K
+

(q2)hc(q
2

) , (13)

the matrix element factorises into the charm vacuum polarisation hc times the short distance form factor as defined in Eq. (A.7).
This contribution has got the same form factor dependence as C

9

and can therefore be absorbed into an effective Wilson coeffi-
cient Ce↵

9

(A.9) and (A.10). The combination C
1

+C
2

/3 is known as the “colour suppressed" combination of Wilson coefficients
because of a substantial cancellation of the two Wilson coefficients (c.f. appendix A 3). This point will be addressed when we
discuss the estimate of the O(↵s)-corrections.

B. SM-B ! K`` in factorisation

Our SM prediction with lattice form factors [12] (c.f. appendix A 2 for more details), for the B ! K``-rate are shown in
Fig. 3 against the LHCb data [1, 13]. It is apparent to the eye that the resonance effects, in (naive) factorisation, turn out to have
the wrong sign! Not only that but they also seem more pronounced in the data which will be reflected in the fits to be described
below.

IV. COMBINED FITS TO BESII AND LHCB DATA IN AND BEYOND FACTORISATION

Before addressing the relevant issue of corrections to the SM-FA in section V, we present a series combined fits to the BESII
and LHCb-data. We first describe the fit models before commenting on the results towards the end of the section. The number of
fit parameters and the number of d.o.f., denoted by ⌫, are given in brackets below. We take 78 BESII data points and 39 LHCb
bins, excluding the last bin which has a negative entry, amounting to a total of 117 data points.

a) Normalisation of the rate, (17 = 1⌘B + 16

res

fit-parameter ⌘B, ⌫ = 117 � 17 � 1 = 99)
In the FA the normalisation of the rate is given by the form factors f

+,T (q2). Since the latter are closely related in the
high q2-region by Isgur-Wise relation this amounts effectively to an overall normalisation. To be precise we parameterise
the pre-factor, inserted into (A.1) with ml = 0 for the sake of illustration, as follows

d�

dq2

B!K`+`�

/ ⌘B(|HV |2 + |HA|2) , (14)

where V and A refer to the lepton polarisation.

6 The term naive refers to the fact that in this approximation the scale dependence of the Wilson coefficients Ci is not compensated by the corresponding scale
dependence of the matrix elements, a point to be discussed in the forthcoming section.

5

number of (4 ⇥ 4 � 1)

res

+ 1

con

= 16 fit parameters. We perform a �2 minimisation and obtain a chi squared per degree of
freedom (d.o.f.) ⌫ = 78 � 16 � 1 = 61 of

�2/d.o.f.|
BESII�data

= 1.015 (9)

which corresponds to a p-value of 44% and is close to �2/d.o.f. = 1.08 [6] as should be the case since we employ the same
data and a quasi identical model. The fit is shown in Fig. 1 (top) and the fit parameters are given in table V in appendix B 1. In
agreement with [6] we observe that �2/d.o.f. ' 1.35 when the interference phases �r are omitted from the ansatz (5).

To this end let us comment on the relevance of exotic charmonium resonances discovered throughout the last decade. The
ones of interest for our purposes (1�� states that located in the fit-interval) are are listed in table II with numbers taken from the
review paper [7].3
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FIG. 1: (top) Imaginary part of of vacuum polarisation fitted to BESII data. In the plot we show the BESII error bars with systematic and
statistical uncertainty added in quadrature. The 1�-error band is shown in cyan. (bottom) Real part of the vacuum polarisation obtained from
(3) with error band as for the imaginary part.

From the viewpoint of the dispersion relation (3), it is immaterial, whether the hadronic model is accurate as long as the fit is

3 One could also include the X(4630) and Y (4660) [7] which are just ⇠ 150 MeV below the kinematic endpoint s
max

⌘ mB � mK ' 4.8 GeV.
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from e+e−	
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shown with grey crosses. The solid blue line corresponds to our SM prediction using FA (the non-factorisable corrections are discussed in
chapter V). The cyan band is the theory error band. The mismatch between FA and the data is apparent to the eye.

b) Prefactor of hc(q2), (18 = 2⌘B,⌘c + 16

res

fit parameters, ⌫ = 117 � 18 � 1 = 98)
In addition to the normalisation, we fit for a scale factor ⌘c in front of the factorisable charm-loop hc(q2). More precisely:

HV
= Ce↵

9

(mB + mK)

2mb
f
+

(q2) + Ce↵

7

fT (q2) ,

Ce↵

9

= (C
9

+ ⌘cafac

hc(q
2

) + ...) (15)

where C
9

(µ) ' 4, Ce↵

7

(µ) ' �0.3, a
fac

(µ) ' 0.6 at µ ' mb and hc(q2) is shown in Fig. 1. The dots stand for quark
loops of other flavours.

In a next step we probe for non-factorisable corrections by letting the fit residues of the LHCb data take on arbitrary real
(fit-c) and complex (fit-d) numbers. We would like to emphasise that in addition to non-factorisable effects new operators with
JPC

[c̄�c] = 1

��, other than the vector current, can also lead to such effects. More discussion can be found later on.
For the charm vacuum polarisation the discontinuity Disc[hc] is necessarily positive Eq. (8,2) and its relation to physical

quantities is given (5). Hence we can test for physics beyond SM FA by the following replacement

|
X

r

T r!f
(s)|2 ! (

X

r

⇢rT
r!f

(s))(
X

r

T r!f
(s))⇤ . (16)

The scale factor ⇢r roughly corresponds to A(B ! K )/fB!K
+

(q2) and replaces A( ! ``) in (5).
For the fits c) and d) we are not going to put any background model to the LHCb-fit since with the current precision of the

LHCb data it seems difficult to crosscheck for the correctness of any model. The background is essentially zero at the ¯DD-
threshold and is expected to raise smoothly with kinks at the thresholds of various D ¯D-thresholds (with the two D’s being any
of D, D⇤, Ds, D⇤, D

1

, . . . ) into the region where perturbation theory becomes accurate. In fact this is the essence behind the
model ansatz (4). The branching fraction has just got the opposite behaviour to the background and this is the reason why it
seems difficult to extract the background from the data. More data could, of course, improve the situation.

c) Variable residues ⇢r 2 R, (22 = 1⌘B + 5⇢r + 16

res

fit parameters, ⌫ = 117 � 32 � 1 = 94)
We choose to keep ⌘B ⌘ 1 and parameterise ⇢

 (2S)

instead which is an equivalent procedure. The five parameters ⇢r are
constrained to be real.

d) Variable residues ⇢r 2 C, (27 = 1⌘B + 10⇢r + 16

res

fit parameters, ⌫ = 117 � 27 � 1 = 89)
Idem but with ⇢r 2 C allowing for dynamical phases, therefore introducing 5 new fit parameters.

Lyon, Zwicky, arXiv:1406.0566	

It	doesn’t	look	like	a	good	
approximation…	



Analyticity:	
C.	Bobeth,	M.	Chrzaszcz,	D.	van	Dyk,	J.	Virto,	“Long-distance	effects	in	BàK*ll	
from	analyticity,”	Eur.	Phys.	J.	C78,	451	(2018);	arXiv:1707.07305.	
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✏

⇤
↵

H↵µ(q, k) = i

Z
d

4
xe

iqxhK̄⇤(k, ✏)|Kµ(x, 0)|B̄(p+ k)i,

Kµ(x, y) = T{jµem(x), C1O1(y) + C2O2(y)}
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O1 = (s̄icj)V�A(c̄jbi)V�A

O2 = (s̄ici)V�A(c̄jbj)V�A
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FIG. 2: Numerically leading contributions to the decay rate of B ! K`` in the high q2-region. (a) and (b) O
7

and O
9,10 short distance

contributions. These contributions are proportional to the local (short distance) form factors. (c) long distance charm-loop contribution which
in (naive) factorisation is proportional to the same form factor times the charm vacuum polarisation hc(q

2

). The charm bubble itself is the full
non-perturbative vacuum polarisation since it is extracted directly from the data.

Oc
1,2 which have sizeable Wilson coefficients.) In this section we employ the (naive)6 factorisation approximation (FA) for

which,

hK|C
1

Oc
1

+ C
2

Oc
2

|Bi|
FA

/ (C
1

+ C
2

/3)fB!K
+

(q2)hc(q
2

) , (13)

the matrix element factorises into the charm vacuum polarisation hc times the short distance form factor as defined in Eq. (A.7).
This contribution has got the same form factor dependence as C

9

and can therefore be absorbed into an effective Wilson coeffi-
cient Ce↵

9

(A.9) and (A.10). The combination C
1

+C
2

/3 is known as the “colour suppressed" combination of Wilson coefficients
because of a substantial cancellation of the two Wilson coefficients (c.f. appendix A 3). This point will be addressed when we
discuss the estimate of the O(↵s)-corrections.

B. SM-B ! K`` in factorisation

Our SM prediction with lattice form factors [12] (c.f. appendix A 2 for more details), for the B ! K``-rate are shown in
Fig. 3 against the LHCb data [1, 13]. It is apparent to the eye that the resonance effects, in (naive) factorisation, turn out to have
the wrong sign! Not only that but they also seem more pronounced in the data which will be reflected in the fits to be described
below.

IV. COMBINED FITS TO BESII AND LHCB DATA IN AND BEYOND FACTORISATION

Before addressing the relevant issue of corrections to the SM-FA in section V, we present a series combined fits to the BESII
and LHCb-data. We first describe the fit models before commenting on the results towards the end of the section. The number of
fit parameters and the number of d.o.f., denoted by ⌫, are given in brackets below. We take 78 BESII data points and 39 LHCb
bins, excluding the last bin which has a negative entry, amounting to a total of 117 data points.

a) Normalisation of the rate, (17 = 1⌘B + 16

res

fit-parameter ⌘B, ⌫ = 117 � 17 � 1 = 99)
In the FA the normalisation of the rate is given by the form factors f

+,T (q2). Since the latter are closely related in the
high q2-region by Isgur-Wise relation this amounts effectively to an overall normalisation. To be precise we parameterise
the pre-factor, inserted into (A.1) with ml = 0 for the sake of illustration, as follows

d�

dq2

B!K`+`�

/ ⌘B(|HV |2 + |HA|2) , (14)

where V and A refer to the lepton polarisation.

6 The term naive refers to the fact that in this approximation the scale dependence of the Wilson coefficients Ci is not compensated by the corresponding scale
dependence of the matrix elements, a point to be discussed in the forthcoming section.

Try	to	parametrize	the	exp	data	in	a		
systematically	improvable	form.	
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Form Factors and z-Expansion

The vector current B→P form factors are defined as:

hM(p)|V µ|B(pB)i =
✓
pµB + pµ � m2

B �m2
M

q2
qµ

◆
f+(q

2) +
m2

B �m2
M

q2
qµf0(q

2)

They obey the exact constraint f+(0) = f0(0)

A conformal transformation of the complex q2 plane exploits the fact that the larger the 

gap between the kinematic endpoint                               and the pair creation threshold  
                              the smaller the form factor variation over the physical q2 window is:

t0 = (mB +mM )(
p
mB �

p
mM )2z =

p
t+ � q2 �

p
t+ � t0p

t+ � q2 +
p
t+ � t0

t� = (mB �mM )2

t+ = (mB +mM )2

|z
max

| =

8
><

>:

0.28 B ! ⇡

0.14 B ! K

0.03 B ! D

An expansion in powers of z is going to be controlled by the first few terms

t+

t�

sub-threshold poles

physical
range

z(q2) ⌘
p

t+ � q2 �
p
t+ � t0p

t+ � q2 +
p
t+ � t0
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The	amplitude	is	a	smooth	function	of	the	“z”	variable,	once	
the	singularities	are	taken	out.		
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Fig. 7. Cartoon illustrating the dimuon mass squared, q2, dependence of the differential decay rate of B ! K ⇤`+`� decays. The different contributions to
the decay rate are also illustrated. For B ! K`+`� decays there is no photon pole enhancement due to angular momentum conservation.

by soft gluon corrections to the charm loop shown in diagram (e). These have been estimated in LCSR [138,201] but remain
a significant source of uncertainty.

At very low q2 . 1GeV2, narrow resonances due to the light unflavoured mesons ⇢, !, � etc. appear in the spectrum.
While these resonances are not described locally by the QCDF calculation, their effect in binned observables (where the bin
size is large compared to the width of the states) is negligible for exclusive decays based on the b ! s`+`� transition like
B ! K (⇤)`+`� [138,202].

At high q2, above the open charm threshold q2oc ⇡ 15GeV2 broad cc̄ resonances appear in the differential decay
distribution and local quark–hadron duality should not be expected to hold. A local operator expansion in powers of E/

p
q2

has been used however to argue that for the rate integrated in the entire high q2 region q2 > 15GeV2, it is well approximated
by the perturbative calculation consisting of the naively factorising part and thematrix elements of the four-quark operators
including perturbative corrections to the matrix elements [203,204].

In the exclusive decays based on the b ! d`+`� transition, an additional complication is given by the fact, discussed in
Section 2, that the CKM combination �

(d)
u is not Cabibbo-suppressed with respect to �

(d)
t . As a consequence, several effects

that are small in exclusive b ! s`+`� transitions become important, including weak annihilation and narrow light meson
resonances. A discussion of these effects for the case of B ! ⇡`+`�, using QCD factorisation, LCSR, and the hadronic
dispersion relation, has recently been presented in [205].

Apart from Bmeson decays, the b ! q`+`� transition is also probed by baryonic decays such as⇤b ! ⇤`+`�. Progress
towards robust SM predictions in this mode has beenmade recently by deriving the full angular distribution and estimating
hadronic effects [206] as well as by computing the relevant form factors in LQCD [207].

5.2.2. Branching fraction measurements
A summary of experimental measurements of the differential branching fraction for the b ! s`+`� processes B !

K`+`�, B ! K ⇤`+`�, Bs ! �`+`� and ⇤b ! ⇤`+`�, as a function of q2, is provided in Fig. 8. The measurements from
BaBar [208] and Belle [209] combine final-states with dielectron and dimuon pairs and combine final-states that are related
by isospin, i.e. they combine B0 ! K ⇤0`+`� and B+ ! K ⇤+`+`� decays which differ only by the flavour of the spectator
quark in the decay. The CDF [210], CMS [211] and LHCb [212–215] measurements represented in the figure only concern
dimuon final-states and do not include decays to final-states with neutral K 0 mesons or ⇡0. The dimuon pair provides a
clean experimental signature that can be used to select the decays in the experiments triggers. The LHCb experiment can
also select events with electron or fully hadronic final-states but, even in LHCb, the trigger threshold for these final-states
is much higher. For example, in Run1 the LHCb trigger required a single electron with ET > 3.6 GeV as opposed to a single
muonwith pT > 1.76 GeV. It is also difficult for the LHC experiments to reconstruct decays involving long-lived particles (KS
or⇤) or final-states with⇡0. The KS and⇤ typically have lifetimes of tens of centimetres in the LHC detectors and the longer
lived KL have a lifetime of hundreds of metres and decay outside the detectors acceptance. At the B-factory experiments, the
KL can be detected in the experiments calorimeter.

With the large datasets available at the LHC, the experimental uncertainty on the branching fraction of many exclusive
b ! s`+`� decays is now much more precise than the corresponding SM predictions. The theoretical prediction in Fig. 8
mostly use LCSR predictions for the form-factors at large recoil (low q2) and predictions from Lattice QCD at low recoil (large
q2). For ⇤b ! ⇤µ+µ�, predictions from Lattice QCD are used across the full q2 range. No predictions are provided close
to the narrow cc̄ resonances. In this region the assumptions used to compute the SM predictions break down. At low recoil
(large q2) predictions are only given averaged from 15 GeV2 to the kinematic limit over which the contribution from the
broad charmonium resonances is thought to be well described by a local OPE. For Bs ! �µ+µ�, the theory prediction takes

J/ψ	and	ψ(2S)		



z-expansion	
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J/ψ	and	ψ(2S)	pole	singularities	are	taken	out:	

H�(z) =
1� zz⇤J/ 
z � zJ/ 

1� zz⇤ (2S)

z � z (2S)
Ĥ�(z),

Ĥ�(z) =

"
KX

k=0

↵(�)
k zk

#
F�(z)
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Remaining	function	should	be	well-
described	by	a	polynomial	of	z.		

Enrico Lunghi /25 Moriond QCD 20179

Form Factors and z-Expansion

The vector current B→P form factors are defined as:

hM(p)|V µ|B(pB)i =
✓
pµB + pµ � m2

B �m2
M

q2
qµ

◆
f+(q

2) +
m2

B �m2
M

q2
qµf0(q

2)

They obey the exact constraint f+(0) = f0(0)

A conformal transformation of the complex q2 plane exploits the fact that the larger the 

gap between the kinematic endpoint                               and the pair creation threshold  
                              the smaller the form factor variation over the physical q2 window is:

t0 = (mB +mM )(
p
mB �

p
mM )2z =

p
t+ � q2 �

p
t+ � t0p

t+ � q2 +
p
t+ � t0

t� = (mB �mM )2

t+ = (mB +mM )2

|z
max

| =

8
><

>:

0.28 B ! ⇡

0.14 B ! K

0.03 B ! D

An expansion in powers of z is going to be controlled by the first few terms

t+

t�

sub-threshold poles

physical
range

J/ψ	and	ψ(2S)		



Inputs	

Need	some	inputs	to	determine	the	coefficients	αk	

1.  Known	amplitudes	of	real	decays	BàK*ψn	

	
2.  Perturbative	calculation	at	q2<0	
•  QCD	factorization	at	O(αs)	
•  could	be	more	than	one	points	
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H�(q
2 ! M2

 n
) ⇠ h0|jµem| n(q, ")iAµ

�, n

M2
B(q

2 �M2
 n

)
+ · · ·
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3

value that can be chosen for K will depend on the avail-
able set of experimental measurements and theory inputs.

III. EXPERIMENTAL CONSTRAINTS

According to the LSZ reduction formula [24], the am-
plitudes for the decays B ! K

⇤
 

n

(with  1 = J/ and
 2 =  (2S)) are defined by the residues of the functions
H
�

(q2) on the  
n

poles:

H
�

(q2 ! M

2
 n

) ⇠
M

 nf

⇤
 n

A n

�

M

2
B

(q2 � M

2
 n

)
+ · · · , (8)

where the dots represent regular terms. Here
h0|jµem| 

n

(q, ")i = M

 nf

⇤
 n
"

µ, and A n

�

are the B !
K

⇤
 

n

transversity amplitudes. The most precise con-
straints on these amplitudes can be obtained from
Babar [25, 26], Belle [27–29] and LHCb [30].

We use the data to produce two sets of five pseudo-
observables (three magnitudes and two relative phases
on each resonance):

|r n

? |, |r n

k |, |r n
0 |, arg{r

 n

? r

 n⇤
0 }, arg{r

 n

k r

 n⇤
0 }, (9)

where

r

 n

�

⌘ Res
q

2!M

2
 n

H
�

(q2)

F
�

(q2)
⇠

M

 nf

⇤
 n

A n

�

M

2
B

F
�

(M2
 n

)
. (10)

The numerical values for these pseudo-observables are
obtained from the posterior-predictive distributions of
a Bayesian fit. The inputs for this fit and the results
are provided for completeness in the appendix. These
pseudo-observables will act as constraints on the param-
eters of the correlators at z = 0.18 and z = �0.44.

IV. THEORY CONSTRAINTS

At q

2
< 0 the functions H

�

can be calculated with
the current approaches for the large recoil region. We

k 0 1 2

Re[↵(?)
k ] �0.06 ± 0.21 �6.77 ± 0.27 18.96 ± 0.59

Re[↵(k)
k ] �0.35 ± 0.62 �3.13 ± 0.41 12.20 ± 1.34

Re[↵(0)
k ] 0.05 ± 1.52 17.26 ± 1.64 –

Im[↵(?)
k ] �0.21 ± 2.25 1.17 ± 3.58 �0.08 ± 2.24

Im[↵(k)
k ] �0.04 ± 3.67 �2.14 ± 2.46 6.03 ± 2.50

Im[↵(0)
k ] �0.05 ± 4.99 4.29 ± 3.14 –

TABLE I. Mean values and standard deviations (in units of

10�4) of the prior PDF for the parameters ↵(�)
k .
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⇤
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q2 2

FIG. 1. Results of the prior and posterior fits for the ratio
Re[Ĥ?(z)]/F?(z). See the text for details.

use QCD-factorization at next-to-leading order in ↵
s

, in-
cluding the form factor terms and hard-spectator con-
tributions [12, 31]. In addition, we include [32] the
soft-gluon correction calculated via a LCSR in Ref. [13].
For the form factors we use the results from the LCSR
with B-meson distribution amplitudes [2], in order to
have a mutually consistent description of form factors
and non-local contributions and benefit from theoret-
ical correlations among both. In this way we com-
pute the ratios H

�

(q2)/F
�

(q2) at the points q

2 =
{�7, �5, �3, �1} GeV2. These ratios are used as pseudo-
observables to constrain the parameters in Eq. (6) at
z = {0.52, 0.50, 0.48, 0.46}. Further details and results
are presented for completeness in the appendix. We em-
phasize that no theory is used at q

2 � 0 at all.

V. SM PREDICTIONS

We now perform a fit of Eq. (6) to the combined ex-
perimental and theoretical constraints described above in
Sections III and IV. We find that Eq. (6) with K = 2 pro-
vides an excellent fit to all inputs, with a p-value of 0.91.
All 1D-marginalised posteriors are reasonably symmet-
ric around their modes. The result of this fit is a set of
correlated values for the complex parameters ↵(�)

k

, which
are summarized in Table I. These values lead to a de-
termination of the non-local correlator in Eq. (2) that is
consistent with the B ! K

⇤
 

n

measurements, the theory
calculations at negative q

2, and it is independent of new
physics in semileptonic operators. Thus, unlike Ref. [33],
this is a genuine SM determination.

The gray band in Fig. 1 shows the result of this “prior”
fit for the case of the real part of H?(q2). Similar plots
for the other correlators are provided in the appendix for
completeness.

With these results at hand, we can compute SM pre-

Polynomical	

pQCD	

exp’t data	

2X

k=0

↵(�)
k zk
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Comparison	of	various	theoretical	estimates:	

Arbey,	Hurth,	Mahmoudi,	Neshatpour,	Phys.	Rev.	D98,	095027	(2018);	arXiv:1805.06378	

		w/o	error	 with	error	of	“10%”	for	QCDF	



Can	lattice	be	of	any	help?	
•  Nakayama,	Lattice	2018,	2019	
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Lattice	calculation?	

Sep 24, 2019 S. Hashimoto (KEK/SOKENDAI) Page 15 

Euclidean	

momentum inserted  
for charmonium	

energy specified	
(c̄�µPLb)(s̄�µPLc)
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4

/ �'')"��!ong range gluon exchanging could be ignored

◉ Factrization 

h iihh i /

hPK |Jcc
⌫ (ci�µP�ci)(sj�µP�bj)|PBi =

(Const.)

(Vol.)
h0|Jcc

⌫ Jcc
µ |0ihPK |Vµ|PBi

→ We test this relation and assumption.

Jem
µ 	

HW	B	 K	

Nakayama @ Lattice 2018, 2019	

Corresponding	amplitude:	



Limitation	
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•  Internal	charm	quark	loop	has	to	be	off-shell.	

=	energy	ω	inserted	to	Jµ(em)	should	be	less	than	the	
corresponding	ground	state	energy		

•  Possible	internal	state	must	be	heavier	than	the	initial/final	
state.	(Otherwise,	the	t	integral	diverges.)	

•  Treating	the	physical	kinematics	is	very	challenging	because	of	the		
large	recoil	momentum	~	1.7	GeV/c.	

•  Maybe	the	method	is	more	realistic	for	Dàπφàπll	?	



Limitation	
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•  Instead,	we	consider	the	case	of	artificially	small	B	meson	
mass	(then,	small	recoil	momentum,	say	0.5	GeV/c).	
Maximum	possible	q2	is		1.5	GeV2	below	mJ/ψ

2.	
70 T. Blake et al. / Progress in Particle and Nuclear Physics 92 (2017) 50–91
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Fig. 7. Cartoon illustrating the dimuon mass squared, q2, dependence of the differential decay rate of B ! K ⇤`+`� decays. The different contributions to
the decay rate are also illustrated. For B ! K`+`� decays there is no photon pole enhancement due to angular momentum conservation.

by soft gluon corrections to the charm loop shown in diagram (e). These have been estimated in LCSR [138,201] but remain
a significant source of uncertainty.

At very low q2 . 1GeV2, narrow resonances due to the light unflavoured mesons ⇢, !, � etc. appear in the spectrum.
While these resonances are not described locally by the QCDF calculation, their effect in binned observables (where the bin
size is large compared to the width of the states) is negligible for exclusive decays based on the b ! s`+`� transition like
B ! K (⇤)`+`� [138,202].

At high q2, above the open charm threshold q2oc ⇡ 15GeV2 broad cc̄ resonances appear in the differential decay
distribution and local quark–hadron duality should not be expected to hold. A local operator expansion in powers of E/

p
q2

has been used however to argue that for the rate integrated in the entire high q2 region q2 > 15GeV2, it is well approximated
by the perturbative calculation consisting of the naively factorising part and thematrix elements of the four-quark operators
including perturbative corrections to the matrix elements [203,204].

In the exclusive decays based on the b ! d`+`� transition, an additional complication is given by the fact, discussed in
Section 2, that the CKM combination �

(d)
u is not Cabibbo-suppressed with respect to �

(d)
t . As a consequence, several effects

that are small in exclusive b ! s`+`� transitions become important, including weak annihilation and narrow light meson
resonances. A discussion of these effects for the case of B ! ⇡`+`�, using QCD factorisation, LCSR, and the hadronic
dispersion relation, has recently been presented in [205].

Apart from Bmeson decays, the b ! q`+`� transition is also probed by baryonic decays such as⇤b ! ⇤`+`�. Progress
towards robust SM predictions in this mode has beenmade recently by deriving the full angular distribution and estimating
hadronic effects [206] as well as by computing the relevant form factors in LQCD [207].

5.2.2. Branching fraction measurements
A summary of experimental measurements of the differential branching fraction for the b ! s`+`� processes B !

K`+`�, B ! K ⇤`+`�, Bs ! �`+`� and ⇤b ! ⇤`+`�, as a function of q2, is provided in Fig. 8. The measurements from
BaBar [208] and Belle [209] combine final-states with dielectron and dimuon pairs and combine final-states that are related
by isospin, i.e. they combine B0 ! K ⇤0`+`� and B+ ! K ⇤+`+`� decays which differ only by the flavour of the spectator
quark in the decay. The CDF [210], CMS [211] and LHCb [212–215] measurements represented in the figure only concern
dimuon final-states and do not include decays to final-states with neutral K 0 mesons or ⇡0. The dimuon pair provides a
clean experimental signature that can be used to select the decays in the experiments triggers. The LHCb experiment can
also select events with electron or fully hadronic final-states but, even in LHCb, the trigger threshold for these final-states
is much higher. For example, in Run1 the LHCb trigger required a single electron with ET > 3.6 GeV as opposed to a single
muonwith pT > 1.76 GeV. It is also difficult for the LHC experiments to reconstruct decays involving long-lived particles (KS
or⇤) or final-states with⇡0. The KS and⇤ typically have lifetimes of tens of centimetres in the LHC detectors and the longer
lived KL have a lifetime of hundreds of metres and decay outside the detectors acceptance. At the B-factory experiments, the
KL can be detected in the experiments calorimeter.

With the large datasets available at the LHC, the experimental uncertainty on the branching fraction of many exclusive
b ! s`+`� decays is now much more precise than the corresponding SM predictions. The theoretical prediction in Fig. 8
mostly use LCSR predictions for the form-factors at large recoil (low q2) and predictions from Lattice QCD at low recoil (large
q2). For ⇤b ! ⇤µ+µ�, predictions from Lattice QCD are used across the full q2 range. No predictions are provided close
to the narrow cc̄ resonances. In this region the assumptions used to compute the SM predictions break down. At low recoil
(large q2) predictions are only given averaged from 15 GeV2 to the kinematic limit over which the contribution from the
broad charmonium resonances is thought to be well described by a local OPE. For Bs ! �µ+µ�, the theory prediction takes

Can	we	learn	something??	
•  Test	of	the	factorization	

approximation	



Similar	problem	
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Christ et al (RBC/UKQCD), PRD92, 094512 (2015); PRD94, 114516 (2016).	

Formulation	borrowed	from	“long-distance	effects	to	Kàπll” 

Our	case	is	simpler,	because	
•  Interested	in	only	one	diagram	(charm-loop),	compared	

to	many	possible	diagrams	to	Kàπll.	
•  We	don’t	have	to	subtract	unphysical	contribution	due	to	

the	states	of	lower	energy.	(We	avoid	by	limiting	the	
kinematics.)	
•  Kàπ*àπll,	Kà(ππ)*àπll	

Our	case	is	harder,	on	the	other	hand,	due	to	the	kinematics.	
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A	pilot	lattice	study:	
•  on	a	2+1	flavor	domain-wall	ensemble	
•  valence	domain-wall,	tuned	charm,	too	light	bottom	

with	

•  four-point	function	calculated	for	

Energies	don’t	match.	
Assuming	HQET,	may	adjust	mB.	
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K+J/ψ	

B+J/ψ	

tJ	



Factorization?	

Sep 24, 2019 S. Hashimoto (KEK/SOKENDAI) Page 21 

Is	this	a	good	approximation?	

•  gluon	exchange	is	missing:	
•  any	rescattering	is	missing.	
	
è	Test	with	the	lattice	calculation.	

?	



Renormalization	constants:	
•  determined	in	a	scheme	to	match	charmonium	time	moments		

Under	the	factorization	approximation	

à	1/3	

à	1	

Renormalization	condition:	
•  These	amplitudes	become	

equal	to	their	tree	value	at	
a	certain	distance.	

Ishikawa	@	Lattice	2019	



well	satisfied	

not	so	well	~	20%	



Factorization?	
Not	always	satisfied	well.	
•  But	the	deviation	seems	to	be	a	constant.	
•  Pheno	suggests	that	the	deviation	is	to	be	x(−2.4)	or	

energy	(or	time)	dependent.	
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x(−2.4)	

different	factors	for	
each	resonance	

Lyon, Zwicky, arXiv:1406.0566	



Lattice	is	not	a	solution,	alone	
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/ �'')"��!ong range gluon exchanging could be ignored

◉ Factrization 

h iihh i /

hPK |Jcc
⌫ (ci�µP�ci)(sj�µP�bj)|PBi =

(Const.)

(Vol.)
h0|Jcc

⌫ Jcc
µ |0ihPK |Vµ|PBi

→ We test this relation and assumption.

•  Only	the	region	far	below	J/ψ	is	
accessible.	
•  Otherwise	one	need	to	

subtract	the	lower	energy	
states	(as	in	Kàπll)	

•  Recoil	momentum	too	low	~	
0.5	GeV	compared	to	>	2.5	GeV	
(physical)	
•  How	does	the	amplitude	

depend	on	the	momentum?	
•  Real	calculation	is	still	too	

hard.	
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Fig. 7. Cartoon illustrating the dimuon mass squared, q2, dependence of the differential decay rate of B ! K ⇤`+`� decays. The different contributions to
the decay rate are also illustrated. For B ! K`+`� decays there is no photon pole enhancement due to angular momentum conservation.

by soft gluon corrections to the charm loop shown in diagram (e). These have been estimated in LCSR [138,201] but remain
a significant source of uncertainty.

At very low q2 . 1GeV2, narrow resonances due to the light unflavoured mesons ⇢, !, � etc. appear in the spectrum.
While these resonances are not described locally by the QCDF calculation, their effect in binned observables (where the bin
size is large compared to the width of the states) is negligible for exclusive decays based on the b ! s`+`� transition like
B ! K (⇤)`+`� [138,202].

At high q2, above the open charm threshold q2oc ⇡ 15GeV2 broad cc̄ resonances appear in the differential decay
distribution and local quark–hadron duality should not be expected to hold. A local operator expansion in powers of E/

p
q2

has been used however to argue that for the rate integrated in the entire high q2 region q2 > 15GeV2, it is well approximated
by the perturbative calculation consisting of the naively factorising part and thematrix elements of the four-quark operators
including perturbative corrections to the matrix elements [203,204].

In the exclusive decays based on the b ! d`+`� transition, an additional complication is given by the fact, discussed in
Section 2, that the CKM combination �

(d)
u is not Cabibbo-suppressed with respect to �

(d)
t . As a consequence, several effects

that are small in exclusive b ! s`+`� transitions become important, including weak annihilation and narrow light meson
resonances. A discussion of these effects for the case of B ! ⇡`+`�, using QCD factorisation, LCSR, and the hadronic
dispersion relation, has recently been presented in [205].

Apart from Bmeson decays, the b ! q`+`� transition is also probed by baryonic decays such as⇤b ! ⇤`+`�. Progress
towards robust SM predictions in this mode has beenmade recently by deriving the full angular distribution and estimating
hadronic effects [206] as well as by computing the relevant form factors in LQCD [207].

5.2.2. Branching fraction measurements
A summary of experimental measurements of the differential branching fraction for the b ! s`+`� processes B !

K`+`�, B ! K ⇤`+`�, Bs ! �`+`� and ⇤b ! ⇤`+`�, as a function of q2, is provided in Fig. 8. The measurements from
BaBar [208] and Belle [209] combine final-states with dielectron and dimuon pairs and combine final-states that are related
by isospin, i.e. they combine B0 ! K ⇤0`+`� and B+ ! K ⇤+`+`� decays which differ only by the flavour of the spectator
quark in the decay. The CDF [210], CMS [211] and LHCb [212–215] measurements represented in the figure only concern
dimuon final-states and do not include decays to final-states with neutral K 0 mesons or ⇡0. The dimuon pair provides a
clean experimental signature that can be used to select the decays in the experiments triggers. The LHCb experiment can
also select events with electron or fully hadronic final-states but, even in LHCb, the trigger threshold for these final-states
is much higher. For example, in Run1 the LHCb trigger required a single electron with ET > 3.6 GeV as opposed to a single
muonwith pT > 1.76 GeV. It is also difficult for the LHC experiments to reconstruct decays involving long-lived particles (KS
or⇤) or final-states with⇡0. The KS and⇤ typically have lifetimes of tens of centimetres in the LHC detectors and the longer
lived KL have a lifetime of hundreds of metres and decay outside the detectors acceptance. At the B-factory experiments, the
KL can be detected in the experiments calorimeter.

With the large datasets available at the LHC, the experimental uncertainty on the branching fraction of many exclusive
b ! s`+`� decays is now much more precise than the corresponding SM predictions. The theoretical prediction in Fig. 8
mostly use LCSR predictions for the form-factors at large recoil (low q2) and predictions from Lattice QCD at low recoil (large
q2). For ⇤b ! ⇤µ+µ�, predictions from Lattice QCD are used across the full q2 range. No predictions are provided close
to the narrow cc̄ resonances. In this region the assumptions used to compute the SM predictions break down. At low recoil
(large q2) predictions are only given averaged from 15 GeV2 to the kinematic limit over which the contribution from the
broad charmonium resonances is thought to be well described by a local OPE. For Bs ! �µ+µ�, the theory prediction takes



Problems…	
•  Many	issues…	
– What	happens	for	larger	recoil	momenta	
–  Energy	(or	q2)	range	is	(too)	far	from	the	region	of	

interest.	
–  Spectator	is	strange:	ηs	rather	than	K.	

•  Possible	extensions?	
–  Can	the	region	between	1S	and	2S	be	analyzed	in	a	

similar	manner?	
– Maybe	even	the	higher	excited	states,	where	recoil	

momentum	is	small.	Sort	of	“inclusive	measurements”	
possible?	
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